
Ïîëèíîìû Ëåæàíäðà è èõ ïðîèçâîäíûå
Ðåêóððåíòíîå ñîîòíîøåíèå äëÿ âû÷èñëåíèÿ ïîëèíîìîâ Ëåæàíäðà âûñøèõ

ïîðÿäêîâ çàïèøåì â âèäå:

Pn(x) =
2 n− 1

n
· x · Pn−1(x)− n− 1

n
· Pn−2(x) (1)

ñ íà÷àëüíûìè óñëîâèÿìè

−1 6 x 6 +1 ,

P0(x) = 1 ,

P1(x) = x ,

P2(x) = −1

2
+

3

2
· x2 .

(2)

Âîçìîæíû äâà âàðèàíòà ïðèìåíåíèÿ ðåêóððåíòíîé ôîðìóëû.

1. Âû÷èñëåíèå çíà÷åíèÿ ôóíêöèè Pn(x) äëÿ ïðîèçâîëüíîãî n ïðè çàäàí-
íîì ÷èñëîâîì çíà÷åíèè àðãóìåíòà x .

2. Íàõîæäåíèå ÷èñëåííûõ çíà÷åíèé êîýôôèöèåíòîâ ïîëèíîìà Pn(x) ïðè
ðàçëè÷íûõ ñòåïåíÿõ àðãóìåíòà x .

Ïðåèìóùåñòâî ðåêóððåíòíûõ ñîîòíîøåíèé çàêëþ÷àåòñÿ â ñêîðîñòè äîñòè-
æåíèÿ ðåçóëüòàòà, íåäîñòàòêîì ÿâëÿåòñÿ âîçìîæíàÿ ïîòåðÿ âû÷èñëèòåëüíîé
òî÷íîñòè ïðè âû÷èòàíèè áîëüøèõ ÷èñåë.

Ïåðâûé âàðèàíò ìîæåò áûòü ïðîâåðåí ñ ïîìîùüþ òîæäåñòâ

Pn(−1) = (−1)n, Pn(+1) = +1 . (3)

Ðàñ÷¼òû ïîêàçàëè, ÷òî â ðåçóëüòàòå èñïîëüçîâàíèÿ ôîðìóëû (1) ñ íà÷àëüíû-
ìè óñëîâèÿìè (2) è àðãóìåíòàìè x = −1 è x = +1 òîæäåñòâà (3) ñïðàâåä-
ëèâû ñ òî÷íîñòüþ äî 15 çíàêîâ ïîñëå çàïÿòîé ïðè âñåõ ïîðÿäêàõ ïîëèíîìà
Ëåæàíäðà îò n = 1 äî n = 720 .

Âòîðîé ñïîñîá ïðîâåðêè ñîñòîèò â èñïîëüçîâàíèè ôîðìóëû äëÿ ïðîèçâî-
äÿùåé ôóíêöèè ïîëèíîìîâ Ëåæàíäðà:

1√
1− 2 α x + α2

=
∞∑

n=0

αnPn(x). (4)
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Ðàñ÷¼òû ïîêàçàëè (òàáë.1), ÷òî ïðè ðàçëè÷íûõ ÷èñëåííûõ çíà÷åíèÿõ ïà-
ðàìåòðà α è àðãóìåíòà x çíà÷åíèå ñóììû â ïðàâîé ÷àñòè âûðàæåíèÿ (4)
ñîîòâåòñòâóåò çíà÷åíèþ ôóíêöèè â ëåâîé ÷àñòè ñ òî÷íîñòüþ äî 12 çíà÷àùèõ

Òàáëèöà 1: Ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ ïîëèíîìîâ Ëåæàíäðà
α x ôóíêöèÿ ðàçíîñòü Nmax

0.96 +1.00 25.000000000000000 −0.988 · 10−12 755

0.96 +0.99 6.9337524528153640 −0.196 · 10−12 606

0.96 +0.95 3.2009219983223993 −0.090 · 10−12 546

0.96 +0.90 2.2727272727272727 +0.685 · 10−12 565

0.96 +0.80 1.6103915660020771 −0.926 · 10−12 547

0.96 +0.50 1.0197712705600052 −0.897 · 10−12 561

0.96 +0.20 0.8064516129032258 −0.269 · 10−12 502

0.96 +0.00 0.7213873210309515 +0.978 · 10−12 576

0.96 −0.20 0.6585792122172903 −0.972 · 10−12 471

0.96 −0.50 0.5890920370328413 −0.907 · 10−12 550

0.96 −0.80 0.5377898796468977 +0.210 · 10−12 525

0.96 −1.00 0.5102040816326531 +0.975 · 10−12 660

öèôð. Öåëîå ÷èñëî Nmax â ïîñëåäíåé êîëîíêå îçíà÷àåò íàèáîëüøèé ïîðÿäîê
ïîëèíîìà Pn(x) â ñóììå (4). Çíà÷åíèå α = 0.96 õàðàêòåðíî äëÿ îáúåêòîâ ñ
âûñîòîé ïîë¼òà 300 êèëîìåòðîâ íàä ïîâåðõíîñòüþ Çåìëè.

Äëÿ ïàðàìåòðà α = 0.90 , ïðèñóùåãî ãåîäåçè÷åñêèì ñïóòíèêàì ñ âûñîòîé
ïîë¼òà áîëåå 700 êèëîìåòðîâ, çíà÷åíèå Nmax < 300 .

Âûâîä: äëÿ çàäàííûõ çíà÷åíèé àðãóìåíòà −1 6 x 6 +1 ÷èñëåííûå çíà-
÷åíèÿ ïîëèíîìîâ Pn(x) ñ ïîìîùüþ ðåêóððåíòíîãî àëãîðèòìà îïðåäåëÿþòñÿ
ïðàêòè÷åñêè áåç ïîòåðè âû÷èñëèòåëüíîé òî÷íîñòè.

Âòîðîé âàðèàíò èñïîëüçóåòñÿ íà ïðåäâàðèòåëüíîé ñòàäèè ïðåîáðàçîâà-
íèÿ âîçìóùàþùåé ôóíêöèè.

Ïóñòü a
(n)
i � ÷èñëåííûå êîýôôèöèåíòû ïîëèíîìà Pn(x) =

n∑
i=0

a
(n)
i · xi :

a
(n)
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2 n− 1

n
· a(n−1)

i − n− 1

n
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i ;

a
(0)
0 = 1 ; a
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1 = 0 , a
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2 = 0 , a
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2 =
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Ñóììà êîýôôèöèåíòîâ ïîëèíîìà ëþáîãî ïîðÿäêà âñåãäà ðàâíà åäèíèöå
n∑

i=0

a
(n)
i = +1 ,

íî âåëè÷èíû êîýôôèöèåíòîâ äîñòèãàþò áîëüøèõ çíà÷åíèé.
Â òàáë.2 ïðèâîäÿòñÿ ÷èñëîâûå çíà÷åíèÿ íåêîòîðûõ êîýôôèöèåíòîâ:

Òàáëèöà 2: Âåëè÷èíû êîýôôèöèåíòîâ ïîëèíîìîâ
n i a

(n)
i

23 1 -0.1681880950927734
23 17 -18733148.9151477814000000
23 23 981501.4276027679440000
26 0 -0.1549810171127319
26 18 229350982.8986495730000000
26 26 7389761.9984761476500000
29 1 4.3339334428310394
29 21 2978545001.5916727500000000
29 29 56004648.0960045755000000
36 0 0.1320605995715596
36 26 -1150785784265.5309200000000000
36 36 6439404973.5978009900000000
45 1 5.3821880423697621
45 33 2523815359824958.2900000000000000
45 45 2950952798742.9865800000000000
50 0 -0.1122751726592170
50 36 -189971831414987581.0000000000000000
50 50 89609514959900.0547000000000000

Áîëüøîå êîëè÷åñòâî íóëåé ïîñëå âîñåìíàäöàòîé çíà÷àùåé öèôðû êàæäîãî
÷èñëà âîçíèêàåò êàê ñëåäñòâèå îãðàíè÷åííîñòè ðàçðÿäíîé ñåòêè êîìïüþòåðà.

Âûâîä: àëãîðèòì (5) îïðåäåëåíèÿ çíà÷åíèé êîýôôèöèåíòîâ ïîëèíî-
ìà Pn(x) ïðè ðàçëè÷íûõ ñòåïåíÿõ àðãóìåíòà x ïðèâîäèò ê ïîòåðå âû÷èñ-
ëèòåëüíîé òî÷íîñòè â ñëó÷àå ïîëèíîìîâ âûñîêèõ ïîðÿäêîâ. Äëÿ n = 36

ïîãðåøíîñòü ìîæåò îêàçàòüñÿ â ïÿòîì çíàêå ïîñëå çàïÿòîé. Ïðè çíà÷åíè-
ÿõ n > 39 íåò ñìûñëà èñïîëüçîâàòü ïîëó÷åííûå êîýôôèöèåíòû.
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Ðåêóððåíòíîå ñîîòíîøåíèå äëÿ âû÷èñëåíèÿ ïðîèçâîäíûõ âûñøèõ ïîðÿä-
êîâ îò ïîëèíîìîâ Ëåæàíäðà çàïèøåì â âèäå:

dkPn(x)

dxk
= (2n− 1)

dk−1Pn−1(x)

dxk−1 +
dkPn−2(x)

dxk
(6)

ñ íà÷àëüíûìè óñëîâèÿìè (−1 6 x 6 +1)

dP1(x)

dx
= 1 ,

dP2(x)

dx
= 3x ,

dPn(x)

dx
= nPn−1(x) + x

dPn−1(x)

dx
. (7)

Êàæäàÿ èç ïðîèçâîäíûõ ïðåäñòàâëÿåò èç ñåáÿ ïîëèíîì îòíîñèòåëüíî àðãó-
ìåíòà x ïîðÿäêà n − k . Òî÷íîñòü âû÷èñëåíèÿ ïðîèçâîäíûõ ïðè çàäàííîì
÷èñëîâîì çíà÷åíèè àðãóìåíòà x ìîæíî ïðîâåðèòü ñ ïîìîùüþ ñîîòíîøåíèé:

dn−1Pn(x)

dxn−1 = 1 · 3 · 5 · . . . · (2 n− 3) · (2 n− 1) · x ,

dnPn(x)

dxn
= 1 · 3 · 5 · . . . · (2 n− 3) · (2 n− 1) .

(8)

Ðàñ÷¼òû ïîêàçàëè, ÷òî â ðåçóëüòàòå èñïîëüçîâàíèÿ ôîðìóëû (6) ñ ðàçëè÷-
íûìè çíà÷åíèÿìè àðãóìåíòà −1 6 x 6 +1 òîæäåñòâà (8) ñïðàâåäëèâû ñ
òî÷íîñòüþ äî 17 çíà÷àùèõ öèôð ïðè âñåõ ïîðÿäêàõ ïîëèíîìà Ëåæàíäðà
îò n = 1 äî n = 720 . Èç ýòîãî ñëåäóåò, ÷òî ðåêóððåíòíûå ôîðìóëû ìîæíî
ïðèìåíÿòü äëÿ âû÷èñëåíèÿ ìãíîâåííûõ çíà÷åíèé ïðàâûõ ÷àñòåé â àëãîðèòìå
÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé äâèæåíèÿ.

Â àíàëèòè÷åñêîì ïîäõîäå íàäî çíàòü ÷èñëîâûå çíà÷åíèÿ êîýôôèöèåí-
òîâ a

(n,k)
i ïîëèíîìîâ dkPn(x)

dxk
=

n−k∑
i=0

a
(n,k)
i · xi . Àëãîðèòì èìååò âèä:

a
(n,1)
i = (i + 1) · a(n)

i+1 , a
(n,k)
i = (i + 1) · a(n,k−1)

i+1 . (9)

Ñðàâíèì ïî ïîðÿäêó âåëè÷èíû äâå ïàðû êîýôôèöèåíòîâ:

a
(36,6)
1 = −3.06 · 108 , | a

(36,22)
1 = −7.67 · 1032 ,

a
(36,6)
13 = −2.45 · 1020 . | a

(36,22)
7 = −3.52 · 1040 .

Â ïðîöåññå âû÷èñëåíèÿ ïðîèçâîäíûõ 6-ãî ïîðÿäêà îò P36

(z

r

)
íà îñíîâå ïî-

ëó÷åííûõ çíà÷åíèé êîýôôèöèåíòîâ òî÷íîñòü áóäåò îãðàíè÷åíà ïÿòüþ èëè
øåñòüþ çíà÷àùèìè öèôðàìè. Äëÿ ïðîèçâîäíûõ 22-ãî ïîðÿäêà òî÷íîñòü îêà-
æåòñÿ îãðàíè÷åííîé äåñÿòüþ çíà÷àùèìè öèôðàìè.
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